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Abstrat
The artile disusses the interrelation between relative Cuntz-Pimsner algebras
and partial isometri rossed produts, and presents a proedure that redues any
given Hilbert bimodule to the "smallest" Hilbert bimodule yielding the same rela-
tive Cuntz-Pimsner algebra as the initial one. In the ontext of rossed produts
this redution proedure orresponds to redution of C∗-dynamial systems.
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Introdution
The Cuntz-Pimsner algebras and relative Cuntz-Pimsner algebras arise in a natural way
as ertain generalizations of Cuntz-Krieger algebras [17℄ so also in the graph algebras
theory (see, for example, the orresponding disussion in [14℄ and [6℄). By their origin
these algebras are also related to rossed produts (reall again [17℄) whih are known to
be among the most important strutures in C∗-algebra theory, and until the present day
various rossed produt onstrutions, espeially those assoiated with endomorphisms,
appear almost ontinuously (see, for example, the disussion in [2℄ and [11℄). If one
starts with an arbitrary C∗-algebra and its endomorphism then the rossed produt
onstrution presented in [11℄ an be naturally onsidered as the most general one, f.
Table 1 of the present artile. On the appearane of [11℄ B. Solel noted to the authors
that the rossed produt onstruted in [11℄ an also be modeled as a ertain relative
Cuntz-Pimsner algebra (Proposition 3.4 of the present artile desribes in essene the
main idea of B. Solel's remark). Thus we naturally arrive at the disussion of the
interrelations between relative Cuntz-Pimsner algebras and rossed produts and this is
the theme of the artile.
2 Cuntz-Pimsner Algebras and Crossed Produts
During the disussion we take the opportunity to show that from the point of view of
relative Cuntz-Pimsner algebras O(E, J) it is enough to onsider the ase when E is
naturally embedded into O(E, J) as in other ase one may pass to a smaller redued
Hilbert bimodule possessing that property. In partiular this allows us to prove that if E
is a Hilbert bimodule assoiated with a C∗-dynamial system then every relative Cuntz-
Pimsner algebra O(E, J) arises as the rossed produt onsidered in [11℄ but applied to
a redued C∗-dynamial system.
In the rst Setion we reall the onstrution of relative Cuntz-Pimsner algebras
introdued by P. S. Muhly and B. Solel in [14℄. The seond Setion ontains the de-
sription of the redution proedure of Hilbert bimodules that leads to the "smallest"
one giving the same relative Cuntz-Pimsner algebra as initial one. In the nal third
Setion we reall the denition of the rossed produts by endomorphisms introdued
in [11℄, disuss interrelations between various rossed produts presented in Table 1, es-
tablish the isomorphism between rossed produts and relative Cuntz-Pimsner algebras
assoiated to C∗-dynamial system Hilbert bimodule (Proposition 3.4) and desribe the
orresponding redution proedure for rossed produts.
Conventions. For the simpliity we shall assume that all the algebras and their
representations are unital. Throughout the paper A stands for a unital C∗-algebra and
E denotes a Hilbert bimodule over A, i.e. E is a right Hilbert A-module with the
left ation given by a homomorphism φ : A → L(E) where L(E) is the C∗-algebra
of adjointable operators on E. For x, y ∈ E, we denote by Θx,y ∈ L(E) the "one-
dimensional operator": Θx,y(z) = x · 〈y, z〉A, and K(E) denotes the C
∗
-subalgebra of
L(E) generated by the operators Θx,y, x, y ∈ E.
1 Toeplitz representations and assoiated algebras
Suppose that A is a unital C∗-algebra and E is a Hilbert bimodule over A, where the left
ation a ·x is given by a homomorphism φ : A→ L(E), so that a ·x = φ(a)x. A Toeplitz
representation (ψ, π) of the Hilbert bimodule E in a unital C∗-algebra B onsists of a
linear map ψ : E → B and a unital homomorphism π : A→ B suh that
ψ(x · a) = ψ(x)π(a), (1)
ψ(x)∗ψ(y) = π(〈x, y〉A), and (2)
ψ(a · x) = π(a)ψ(x). (3)
for x, y ∈ E and a ∈ A. We reall [7, Remark 1.1℄.
Remark 1.1. Let us note that ondition (2) itself already implies that ψ is linear. It
also implies that ψ is bounded: for x ∈ E we have
‖ψ(x)‖2 = ‖ψ(x)∗ψ(x)‖ = ‖π(〈x, x〉A)‖ ≤ ‖〈x, x〉A‖ = ‖x‖
2.
If π is injetive, then we have equality throughout, and ψ is isometri.
Given a Toeplitz representation (ψ, π) , [7, Proposition 1.6℄ says there is a homomor-
phism (ψ, π)(1) : K(E)→ B whih satises
(ψ, π)(1)(Θx,y) = ψ(x)ψ(y)
∗
for x, y ∈ E,
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and
(ψ, π)(1)(T )ψ(x) = ψ(Tx) for T ∈ K(E) and x ∈ E.
We dene
J(E) := φ−1(K(E)),
whih is a losed two-sided ideal in A. Let J be an ideal ontained in J(E). We say
that a Toeplitz representation (ψ, π) of E is oisometri on J if
(ψ, π)(1)(φ(a)) = π(a) for all a ∈ J.
1.1 The Fok representation
Given a Hilbert bimodule E over A, for n ≥ 1, the n-fold internal tensor produt
E⊗n := E ⊗A · · · ⊗A E is naturally a right Hilbert A-module, and A ats on the left by
φ(n)(a)(x1 ⊗A · · · ⊗A xn) := (a · x1)⊗A · · · ⊗A xn;
For n = 0, we take E⊗0 to be the Hilbert module A with left ation φ(0)(a)b := ab. Then
the Hilbert-module diret sum
F(E) :=
∞⊕
n=0
E⊗n
arries a diagonal left ation φ∞ of A in whih φ∞(a)(x) := φ
(n)(a)x where x ∈ E⊗n.
The Hilbert bimodule F(E) is alled the Fok spae over the Hilbert bimodule E. For
eah x ∈ E, we dene a reation operator T (x) on F(E) by
T (x)y =
{
x · y if y ∈ E⊗0 = A
x⊗A y if y ∈ E
⊗n
for some n ≥ 1;
routine alulations show that T (x) is adjoint to the annihilation operator
T (x)∗z =
{
0 if z ∈ E⊗0 = A
〈x, x1〉A · y if z = x1 ⊗A y ∈ E ⊗A E
⊗n−1 = E⊗n.
It is lear that T : E → L(F(E)) is an injetive linear mapping and sine A is a
summand of F(E), the map φ∞ : A→ L(F(E)) is injetive as well. Moreover, the pair
is (T, φ∞) is a Toeplitz representation of E.
Denition 1.2. The Toeplitz representation (T, φ∞) of E in the C
∗
-algebra L(F(E))
is alled Fok representation and the Toeplitz C∗-algebra T (E) of E is by denition
the C∗-subalgebra of L(F(E)) generated by T (E) ∪ φ∞(A), f. [14, Denition 2.4℄, [17,
Denition 1.1℄.
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1.2 Relative Cuntz-Pimsner algebras O(E, J)
Let J be an ideal in A ontained in J(E) = φ−1(K(E)) and let P0 be the projetion in
L(F(E)) that maps F(E) onto the rst summand A. One an show [14, Lemma 2.17℄
that φ∞(J)P0 is ontained in T (E). We shall write J (J) for the ideal in T (E) generated
by φ∞(J)P0.
Denition 1.3. If E is a Hilbert bimodule over the C∗-algebra A, and if J is an ideal
in J(E) = φ−1(K(E)) we denote by O(J, E) the quotient algebra T (E)/J (J) and all
it relative Cuntz-Pimsner algebra determined by J .
The Cuntz-Pimsner algebra O(J, E) is universal with respet to Toeplitz represen-
tations that are oisometri on J in the following sense, see [6, Proposition 1.3℄.
Proposition 1.4. Let E be a Hilbert bimodule over A, and let J be an ideal in J(E).
Let q : T (E)→ O(J, E) be the quotient map and put
kE = q ◦ T and kA = q ◦ φ∞.
Then (kE, kA) is a Toeplitz representation of E whih is oisometri on J and satises:
(i) for every Toeplitz representation (ψ, π) of E whih is oisometri on J , there is a
homomorphism ψ×Jπ of O(J, E) suh that
(ψ×Jπ) ◦ kE = ψ and (ψ×Jπ) ◦ kA = π,
(ii) O(J, E) is generated as a C∗-algebra by kE(E) ∪ kA(A).
The triple (O(J, E), kE, kA) is unique in the following sense: if (B, k
′
E, k
′
A) has similar
properties, there is an isomorphism θ : O(J, E)→ B suh that θ ◦ kE = k
′
E and θ ◦ kA =
k′A. There is a strongly ontinuous gauge ation γ : T → AutO(J, E) whih satises
γz(kA(a)) = kA(a) and γz(kE(x)) = zkE(x) for a ∈ A, x ∈ E.
The algebra O({0}, E) is the Toeplitz algebra T (E) and O(J(E), E) is the Cuntz-
Pimsner algebra O(E) [17℄. The following proposition tells us when kA : A→ O(J, E) is
injetive (if it is so then kE is also injetive, f. Remark 1.1), see [14, Proposition 2.21℄
and [3℄.
Proposition 1.5. Let E be a Hilbert bimodule over A and let (O(J, E), kA, kE) be a
relative Cuntz-Pimsner algebra assoiated to E. Then kA is injetive if and only if
kerφ ∩ J = {0}. (4)
Let us note that for any ideal I in A the family of ideals J in A suh that I∩J = {0},
possess the largest element I⊥ (in the sense of partial order given by inlusion). Namely,
we have
I⊥ =
⋂
x/∈hull(I)
x.
where hull(I) = {x ∈ PrimA : x ⊃ I} is the hull of I.
Within this notation, relation (4) is equivalent to the inlusion J ⊂ (ker φ)⊥. The aim of
the present paper is to show that all the relative Cuntz-Pimsner algebras are the algebras
O(J, E) where J ⊂ (kerφ)⊥. Moreover, if the hoie of an ideal J is not ditated by any
outside demands it seems that
J = (kerφ)⊥ ∩ J(E)
is the best one to hoose.
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2 Redution of Hilbert bimodules
We reall ertain results from [6℄ onerning invariant ideals and quotient bimodules.
Let E be a bimodule over A and let I be an ideal in A. The losed subspae
EI := {x · i : x ∈ E, i ∈ I}
is a right Hilbert I-module. Moreover if we let qI : A→ A/I and qEI : E → EI be the
quotient maps then by [6, Lemma 2.1℄ E/EI is a right Hilbert A/I-module with
qEI(x) · qI(a) := qEI(x · a), x ∈ E, a ∈ A, (5)
〈qEI(x), qEI(y)〉A/I := q
I(〈x, y〉A). (6)
In order to dene a left ation on E/EI we need to impose on the ideal I that
φ(I)E ⊂ EI. (7)
An ideal I in A satisfying (7) is alled E-invariant and if I is E-invariant then by [6,
Lemma 2.3℄ there is a homomorphism φA/I : A/I → L(E/EI) suh that
φA/I(q
I(a))qEI(x) = qEI(φ(a)x), x ∈ E, a ∈ A. (8)
Thus, for any E-invariant ideal I in A the spae E/EI together with (5), (6) (8) is a
bimodule. We shall all it quotient bimodule of E.
We reall the main theorem from [6℄.
Theorem 2.1. [6, Theorem 3.1℄ Suppose E is a Hilbert bimodule over A, J is an
ideal in J(E), and I is an E-invariant ideal in A. If we denote by I(I) the ideal in
O(J, E) generated by kA(I) then the quotient O(J, E)/I(I) is anonially isomorphi to
O(qI(J), E/EI).
Let us now x a Hilbert bimodule E over A and an ideal J in J(E). We will now
redue E by taking quotient of it to a ertain "smaller" Hilbert bimodule satisfying (4)
and yielding the same relative Cuntz-Pimsner algebra as E and J .
We dene reursively a sequene of ideals in A putting
J0 = {a ∈ J : φ(a) = 0} = ker φ ∩ J,
and for n ≥ 0,
Jn+1 = {a ∈ J : φ(a)E ⊂ EJn}.
Then one easily sees that {Jn}n∈N is an inreasing family of E-invariant ideals in A and
hene
J∞ =
⋃
n∈N
Jn
is an E-invariant ideal in A. We note that
a ∈ J ∧ φ(a)E ⊂ EJ∞ =⇒ a ∈ J∞ (9)
and this impliation haraterizes J∞ in the sense that it is the smallest E-invariant
ideal in A ontaining ker φ ∩ J and satisfying (9).
The rst of our results states that the quotient Hilbert bimodule E/EJ∞ and the quo-
tient C∗-algebra A/J∞ may be identied with the image of the initial Hilbert bimodule
E and C∗-algebra A in the relative Cuntz-Pimsner algebra O(E, J).
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Theorem 2.2. Let E be a Hilbert bimodule over A and J an ideal in J(E). Then for
n ∈ N ∪ {∞}, we have a anonial isomorphism
O(J, E) ∼= O(qJn(J), E/EJn).
Moreover, for n =∞ we have
ker φA/J∞ ∩ q
J∞(J) = {0}
and thus we have the following (again anonial) isomorphisms
kA(A) ∼= A/J∞, kE(E) ∼= E/EJ∞.
Proof. In view of Theorem 2.1 to prove the rst part of theorem it is enough to
show that for every ideal Jn, n = 0, 1, ...,∞, we have kA(Jn) = 0.
It is lear that kA(J0) = 0. Assume that kA(Jn) = 0 and let a ∈ Jn+1. Then for every
x ∈ E there exists y(x) ∈ E and i(x) ∈ JN suh that φ(a)x = and thus
kA(a)kE(x) = kE(φ(a)x) = kE(y(x)i(x)) = kE(y(x))kA(i(x)) = 0.
Hene kA(Jn+1) = 0. It follows that kA(Jn) = 0 for every n = 0, 1, ...,∞.
To prove that ker φA/J∞∩q
J∞(J) = {0} take a ∈ J and suppose that φA/J∞(q
J∞(a)) = 0.
Then by (8) we see that φ(a)E ⊂ EJ∞ and by (9) we have q
J∞(a) = 0. Now it sues
to apply Proposition 1.5 and Remark 1.1. 
Ideal J∞ plays the role of a ertain "measure" of the degree of degeneray of O(J, E)
sine the bigger J∞ is the smaller O(J, E) is. In partiular, O(J, E) = 0 if and only if
J∞ = A, and if J 6= A, then O(J, E) 6= 0. Obviously, A embeds into O(J, E) if and only
if J∞ = 0 whih is equivalent to E = E/EJ∞.
Theorem 2.2 shows in fat that one may always restrit his interest only to the
relative Cuntz-Pimsner algebras O(E, J) determined by ideals suh that
J ⊂ (kerφ)⊥,
sine in any ase one may pass to the redued Hilbert bimodule E/EJ∞.
Note also that Hilbert bimodules E/EJn, n ∈ N may be onsidered as "approxima-
tions" of E/EJ∞. In partiular, if Jn = Jn+1, for ertain n ∈ N, then J∞ = Jn.
3 Crossed produts by endomorphisms and their anon-
ial C∗-dynamial systems
Let δ be an endomorphism of a unital C∗-algebra A. Throughout the paper the pair
(A, δ) will be alled a C∗-dynamial system. We slightly extend a denition from [11℄.
Denition 3.1. Let (A, δ) be a C∗-dynamial system. A ovariant representation of
(A, δ) in a C∗-algebra B is a doublet (π, U) onsisting of a unital homomorphism π :
A→ B and an operator U satisfying the following relations
Uπ(a)U∗ = π(δ(a)), a ∈ A, (10)
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U∗U ∈ π(A)′. (11)
Every ovariant representation (π, U) denes an ideal J in A given by
J = {a ∈ A : U∗Uπ(a) = π(a)} (12)
If J is an ideal in A and (π, U) is a ovariant representation of (A, δ) satisfying (12) then
we say that (π, U) is assoiated with J .
Let us note that (10) implies that U is a partial isometry, and (10) together with (11)
imply that U is power partial isometry. Moreover, see [11, Theorem 1.6℄ and remark
below, a ovariant representation (π, U) suh that π is faithful exists if and only if it
assoiated with an ideal J having a zero intersetion with the kernel of δ. Thus, if
J ∩ ker δ = {0} relations (10), (11), (12) give rise to a non-degenerate universal algebra,
whih was investigated in [11℄. To be more preise, a C∗-algebra C∗(A, δ, J) introdued
in [11, Denition 4.2℄ is a C∗-enveloping algebra of a ertain Banah ∗-algebra however in
view of [11, Theorem 5.4℄ and Proposition 3.3 we prove below, this denition is equivalent
to the following one.
Denition 3.2. Let (A, δ) be a C∗-dynamial system and J an ideal in A suh that
J ∩ker δ = {0}. A rossed produt C∗(A, δ, J) of A by δ assoiated with J is a universal
C∗-algebra generated by the the opy of the algebra A and a partial isometry u subjet
to relations
uau∗ = δ(a), u∗ua = au∗u, a ∈ A,
J = {a ∈ A : u∗ua = a}.
The proof of the next statement is a standard argument, f. [2℄.
Proposition 3.3. Let (A, δ) be a C∗-dynamial system and J suh that J ∩ker δ = {0}.
The rossed produt C∗(A, δ, J) possess the so-alled (∗)-property, that is the following
inequality holds
‖
N∑
m=0
u∗mam,mu
m‖ ≤ ‖
N∑
m,n=0
u∗mam,nu
n‖, (∗)
where am,n ∈ A, n,m = 0, 1..., N , and N ∈ N.
Proof. Take any faithful representation π˜ : C∗(A, δ, J) → L(H) of C∗(A, δ, J) on a
Hilbert spae H and "disintegrate" π˜ to (π, U) where π := π˜|A and U := π˜(u). Then
(π, U) is a ovariant representation of (A, δ) assoiated with J . Consider the spae
H = l2(Z, H) and the representation ν : C∗(A, δ, J)→ L(H) given by the formulae
(ν(a)ξ)n = π(a)(ξn), where a ∈ A, l
2(Z, H) ∋ ξ = {ξn}n∈Z ;
(ν(u)ξ)n = U(ξn−1), (ν(u
∗)ξ)n = U
∗(ξn+1).
Routine veriation shows that (ν|A, ν(u)) is a ovariant representation of (A, δ) assoi-
ated with J and thus ν is indeed a representation of C∗(A, δ, J).
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Now take any x =
∑N
m,n=0 u
∗mam,nu
n ∈ C∗(A, δ, J) where am,n ∈ A, n,m = 0, 1..., N ,
and N ∈ N. For a given ε > 0 we may hose a vetor η ∈ H suh that ‖η‖ = 1 and
‖
N∑
m=0
U∗mπ(am,m)U
mη‖ > ‖
N∑
m=0
U∗mπ(am,m)U
m‖ − ε. (13)
Set ξ = {ξn}n∈Z ∈ l
2(Z, H) by ξn = δ0nη, where δij is the Kroneker symbol. We have
that ‖ξ‖ = 1 and the expliit form of ν(x)ξ and (13) imply
‖ν(x)ξ‖ ≥ ‖ν(
N∑
m,n=0
u∗mam,nu
n)ξ‖ = ‖
N∑
m=0
U∗mπ(am,m)U
mη‖
whih by (13) and the arbitrariness of ε proves the desired inequality
‖x‖ ≥ ‖
N∑
m=0
U∗mπ(am,m)U
m‖ = ‖π˜(
N∑
m=0
u∗mam,mu
m)‖ = ‖
N∑
m=0
u∗mam,mu
m‖.

Proposition 3.3 and [11, Theorem 5.4℄ imply that the rossed produts introdued in
Denition 3.2 and [11, Denition 4.2℄ are anonially isomorphi.
In general, as it was ommuniated to authors by B. Solel, algebras of this sort an
be also modeled out as ertain relative Cuntz-Pimsner algebras of P. S. Muhly and B.
Solel [14℄.
Indeed, let (A, δ) be a C∗-dynamial system and dene the struture of a Hilbert
bimodule over A on the spae
E := δ(1)A
by
a · x := δ(a)x, x · a := xa, and 〈x, y〉A := x
∗y.
Then one easily heks that J(E) = A and ker δ = ker φ. We shall say that E is the
C∗-dynamial system Hilbert bimodule of (A, δ). The proof of the foregoing proposition
in essene follows the argument from [6, Example 1.6℄.
Proposition 3.4. Let E be a C∗-dynamial system Hilbert bimodule of (A, δ) and let J
be an ideal in A. The relations
U = ψ(δ(1))∗, ψ(x) = U∗π(x)
establish a one-to-one orrespondene between Toeplitz representations of (ψ, π) of E
whih are oisometri on J , and ovariant representations (π, U) whih are assoiated
with an ideal ontaining J . In partiular,
(i) O(J, E) is generated as a C∗-algebra by the partial isometry u = kE(δ(1))
∗
and the
C∗-algebra kA(A).
(ii) for every ovariant representation (π, U) of (A, δ) assoiated with an ideal ontain-
ing J , there is a homomorphism π×JU of O(J, E) uniquely determined by
(π×JU)(u) = U and (π×JU) ◦ kA = π.
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Proof. Let (ψ, π) be a Toeplitz representations of E and let U := ψ(δ(a)). Then
π(δ(a)) = π(〈δ(1), δ(a)〉A) = ψ(δ(1)
∗ψ(δ(a)) = Uψ(a · δ(1)) = Uπ(a)U∗.
Another omputation shows that
U∗π(δ(a)) = ψ(δ(1)δ(a)) = ψ(δ(a)δ(1)) = π(a)ψ(δ(1)) = π(a)U∗,
whih implies that U∗U ∈ π(A)′, f. [13, Proposition 2.2℄, [12, Lemma 4.3℄. Thus (π, U)
is a ovariant representation of (A, δ). Moreover, observe that the operator φ(a) is just
Θδ(a),δ(1) and thus for every a ∈ J we have
π(a) = π(1)(Θδ(a),δ(1)) = ψ(δ(a))ψ(δ(1))
∗ = U∗π(δ(a))U = U∗Uπ(a)U∗U = U∗Uπ(a)
whih means that (π, U) is assoiated with a ertain ideal ontaining J .
Conversely let (π, U) be a ovariant representation of (A, δ) assoiated with a ertain
ideal ontaining J and let ψ(x) := V ∗π(x). Then one easily heks the onditions (1),
(2) (3), and to show that (π, ψ) is oisometri on J it is enough to reverse the argument
we used above. Indeed, for any a ∈ J we have
π(a) = U∗Uπ(a) = U∗Uπ(a)U∗U = U∗π(δ(a))U = ψ(δ(a))ψ(δ(1))∗
= π(1)(Θδ(a),δ(1)) = π
(1)(φ(a)),
and the proof is omplete. 
By the universality of O(E, J) and C∗(A, δ, J) we get the following
Corollary 3.5. Let E be a C∗-dynamial system Hilbert bimodule of (A, δ) and let J
be an ideal in A suh that ker δ ∩ J = {0}. Then algebras O(E, J) and C∗(A, δ, J) are
anonially isomorphi.
In view of the above statements relative Cuntz-Pimsner algebra O(J, E) seems to be
a natural andidate for a rossed produt of (A, δ) assoiated with an arbitrary ideal
J . In fat, most of the onsidered rossed produts by endomorphisms oinide with
O(J, E) for ertain J . Table 1 presents the orresponding juxtaposition of the objets
hosen. To see the oinidene in N.3 of Table 1 we refer the reader to [10, Proposition
2.6℄. We stress one again that the kernel of the left ation in a C∗-dynamial system
Hilbert bimodule E oinide with ker δ and hene in view of Proposition 1.5, algebra A
embeds naturally into O(J, E) if and only if J ∩ ker δ = {0}, or equivalently
{0} ⊂ J ⊂ (ker δ)⊥. (14)
The rossed produt N.5 (see Denition 3.2) is the most general in the sense that it
gives all the remaining ones for an appropriate hoie of J (J = (ker δ)⊥ for N.1-5 and
J = {0} for N.7). However, in order to get the rossed produt N.6 from N.5 one rst
needs to 'redue' the initial C∗-dynamial system (this redution agrees with the one
disussed in Setion 2, see Corollary 3.8).
We also have to note that two kinds of rossed produts introdued by R. Exel in [4℄ and
[5℄ respetively, also arise as relative Cuntz-Pimsner algebras but for dierently dened
Hilbert bimodules, see [14, Example 2.22℄ and [3℄. Furthermore these rossed produts
may be obtained from the rossed produt N.6 of Table 1, see [2℄.
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N. endomorphism δ : A→ A J ⊳ A O(J, E)
1. automorphism J = (ker δ)⊥ = A lassial unitary
rossed produt
2. monomorphism J = (ker δ)⊥ = A isometri rossed produt
[16℄, [15℄
3. ker δ unital and J = (ker δ)⊥ rossed produt using
δ(A) hereditary in A omplete transfer operator
[2℄
4. ker δ unital and J = (ker δ)⊥ ovariane algebra [8℄
A ommutative
5. arbitrary {0} ⊂ J ⊂ (ker δ)⊥ partial-isometri
rossed produt [11℄,
6. arbitrary J = A isometri rossed produt
[1℄
7. arbitrary J = {0} partial-isometri
rossed produt [12℄
Table 1: Dierent rossed produts as relative Cuntz-Pimsner algebras
Looking at Table 1 one an not help feeling that among the ideals satisfying (14)
the ideal J = (ker δ)⊥ is somewhat privileged. It is ompletely natural as O((ker δ)⊥, E)
should be onsidered as 'the smallest' relative Cuntz-Pimsner algebra ontaining all
the information about the C∗-dynamial system (A, δ). Moreover, we shall show that
for an arbitrary hoie of J the algebra O(J, E) oinides with Cuntz-Pimsner algebra
O((ker δJ)
⊥, EJ) where EJ is a C
∗
-dynamial system Hilbert bimodule of a anonially
onstruted pair (AJ , δJ).
The rst step is to show that the redution proedure presented in Setion 2 when
started with C∗-dynamial system bimodule leads again to another C∗-dynamial system
bimodule. Indeed, let E be a Hilbert bimodule of the C∗-dynamial system (A, δ) and
let J be an ideal in A and Jn, n = 0, 1, ...,∞, the related ideals dened in Setion 2.
Then
Jn = δ
−1
(
δ−1
(
...(δ−1︸ ︷︷ ︸
n times
(ker δ ∩ J) ∩ J)...
)
∩ J
)
∩ J, n ∈ N.
That is
Jn = δ
−n(ker δ) ∩
n⋂
k=0
δ−k(J)
and hene
J∞ = {a ∈ J : ∃n∈N δn(a) = 0)} ∩
⋂
n∈N
δ−n(J). (15)
Let n ∈ N∪ {∞}. Sine the ideal Jn is E-invariant, taking x = δ(1) in (8) one sees that
the mapping δn : A/Jn → A/Jn given by
δn ◦ q
Jn = qJn ◦ δ
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is a well dened endomorphism of A/Jn and the quotient Hilbert bimodule E/EJn may
be viewed as the C∗-dynamial system Hilbert bimodule of (A/Jn, δn). In partiular
δ∞(a + J∞) := δ(a) + J∞ (16)
is an endomorphism of A/J∞ suh that ker δ∞ ∩ q
J∞(J) = {0}.
Obviously one may apply Theorem 2.2 to eah of the systems (A/Jn, δn), n ∈ N∪ {∞},
however, we fous on the ase n =∞. Then by virtue of Proposition 3.4 we get
Proposition 3.6. If E is a Hilbert bimodule of the C∗-dynamial system (A, δ) and J
is an ideal in A, then
O(J, E) = O(qJ∞(J), E/EJ∞)
is a universal algebra generated by a opy of the algebra A/J∞ and a partial isometry u
subjet to relations
uau∗ = δ∞(a), a ∈ A/J∞, u
∗u ∈ (A/J∞)
′,
qJ∞(J) = {a ∈ A/J∞ : u
∗ua = a}.
Corollary 3.7. If (π, U) is a ovariant representation of (A, δ) assoiated with an ideal
J ∈ A, then J∞ ⊂ ker π.
Corollary 3.8. The relative Cuntz-Pimsner algebra O(J, E) oinides with rossed prod-
ut N.6, Table 1, applied to the C∗-dynamial system (A/J∞, δ∞), and the ideal q
J∞(J).
Corollary 3.9. The Cuntz-Pimsner algebra O(A,E) (rossed produt N.6, Table 1)
redues to zero if and only if the set of elements a ∈ A suh that δn(a) = 0 for ertain
n ∈ N, is dense in A.
Above results show us how to redue the investigation of rossed produts to the ase
where J satises (14), thereby let us assume for a while that (A, δ) be a C∗-dynamial
system and J is an ideal in A suh that ker δ ∩ J = {0}. As in [11℄ we slightly extend
(A, δ) to a ertain system (AJ , δJ) for whih we shall have O(J, E) = O((ker δJ)
⊥, EJ).
For this purpose we denote by AJ the diret sum of quotient algebras
AJ =
(
A/ ker δ
)
⊕
(
A/J
)
,
and we set δJ : AJ → AJ by the formula
AJ ∋
(
(a+ ker δ)⊕ (b+ J)
) δJ−→ (δ(a) + ker δ)⊕ (δ(a) + J) ∈ AJ . (17)
Endomorphism δJ is well dened and sine ker δJ = 0⊕A/J its kernel is unital. Moreover,
A embeds into C∗-algebra AJ via
A ∋ a 7−→
(
a + ker δ
)
⊕
(
a + J
)
∈ AJ . (18)
Sine ker δ∩J = {0} this mapping is injetive and we may treat A as the orresponding
subalgebra of AJ . Under this identiation δJ is an extension of δ.
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Denition 3.10. Let (A, δ) be a C∗-dynamial system and J an arbitrary ideal in
A. Let ((A/J∞)qJ∞(J), (δ∞)qJ∞(J)) be the above onstruted extension of the redued
C∗-dynamial system (A/J∞, δ∞) given by (15), (16). We shall write
(AJ , δJ) := (A/J∞)qJ∞(J), (δ∞)qJ∞(J))
and say that (AJ , δJ) is the anonial C
∗
-dynamial system assoiated to (A, δ) and J .
Combining Proposition 3.6 with [11, Proposition 1.2℄, see also [10, Corollary 1.7℄, we
get the following
Theorem 3.11. Let E be a Hilbert bimodule of the C∗-dynamial system (A, δ) and let
J be an ideal in A. If EJ is the Hilbert bimodule of the anonial system (AJ , δJ), then
O(J, E) = O((ker δJ)
⊥, EJ)
is a universal algebra generated by a opy of the algebra AJ and a partial isometry u
subjet to relations
uau∗ = δJ(a), a ∈ AJ , u
∗u ∈ AJ (19)
(relations (19) imply that u∗u belongs to the enter of AJ).
The usefulness of anonial C∗-dynamial system (AJ , δJ)manifests in reduing fairly
ompliated relations (10), (11), (12) whih may degenerate to the nondegenerate rela-
tions (19). Moreover, one may apply the results of [11℄ and [8℄ to (AJ , δJ) (in partiular,
norm evaluation of elements [11, Setion 3℄, isomorphism theorem [11, Setion 5℄, [8,
Subsetion 6.2℄, ideal struture [8, Subsetion 6.1℄) and thus get results onerning rel-
ative Cuntz-Pimsner algebras O(J, E) of C∗-dynamial systems Hilbert bimodules.
In fat, one ould go even further and use the onstrution from [10℄ to extend, the
anonial system (AJ , δJ) up to a C
∗
-dynamial system (B, δ˜) possessing a omplete
transfer operator. Then B orresponds to the xed point subalgebra of O(J, E) for the
gauge ation γ (Proposition 1.4), and one ould apply the results of [2℄ or isomorphism
theorem [9, Setion 6℄ to (B, δ˜) to study O(J, E) in terms of 'Fourier' oeients.
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